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INTERIOR REGULARITY OF FULLY NONLINEAR 
DEGENERATE ELLIPTIC EQUATIONS, II: REAL AND 
COMPLEX MONGE-AMPERE EQUATIONS 



O ! WEI ZHOU 
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Abstract. We first consider the Dirichlet problem for the degenerate 
real Monge- Ampere equation: 

(Real M-A) I det(n....) = /(-) in ^ 

u — g on oD. 

• We prove that if D C K'* (d > 2) is a bounded strictly convex domain 

. ; with boundary, g £ C^'^{dD), < f^"^ € C"'^{D) and there exists 

'^H , a constant K such that /^'''^ -|- -fi'la;!^ is convex in D, then there exists a 

' convex function u G Cj'liD) n C°'^{D) uniquely solving (|Real M-A|) . 

Then we consider the Dirichlet problem for the degeneratete complex 
Monge- Ampere equation: 

, ,N f det(u,3^fc) = f(z) in D 

(Complex M-A) <^ \ zJz ; j \ j 

^ \ r / 1^ u = g on oD. 

' We prove that if D C is a bounded strictly pseudoconvex domain with 

\ boundary, g € C^'^{dD) and < f'"^ G C^'^{D), then there exists 

a plurisubharmonic function u G Cf^l{D) n C'^'^{D) uniquely solving 
( [Complex M-A[ ). 

CNj , Since the second derivatives may blow up along non-tangent direc- 

' tions at the boundary under our regularity assumptions on the boundary 

CO I data g, we also estimate the derivatives up to second order in both prob- 

lems. Our technique is probabilistic by following Krylov's approach. 

^ ' 1. Introduction 

. The first problem we study is tlie degenerate real Monge- Ampere equation 

with Dirichlet boundary condition: 

(Real M-A) | ^^^^^^^^^^ = ^ 

u = g on oL>, 

where the domain D C is bounded, strictly convex and sufficiently 
smooth, {u^i^j)dxd is the Hessian matrix of u and the function / = f{x) 
is nonnegative. We seek a convex function uniquely solving (jReal M-Ap 
and investigate its regularity. This problem is very important in many fields 
and might be very challenging depending on the regularity and geometry of 
D, the regularity of / and g, as well as the positivity property of /. It has 
been studied extensively by many people. Particularly, {D is a bounded and 
strictly convex domain, unless specificed.) 
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In [5], Cheng and Yau proved that if D is C^-smooth, g G C'^{D), 
f e C^^{D) and < / < B dist{x,dDf-'^-\ for some B > 0, 
(3>0, then u G C,^^!!?); if /3 = d + 1, then u E C^'H^)- They also 
obtained that if D is convex (not necessarily strictly convex), g = 0, 
f G C~ (Z?) and / > 0, then u G C°{D) n ^^=^,(1)). 
In Krylov showed that if L» is of C°°, 5 E C^idD), f £ C°°{D) 
and / > 0, then u E C~(D). 

In [3], Caffarelli, Nirenberg and Spruck obtained the same result, 
and they also showed in [1] that if D is C^'^-smooth, g E C^'^{dD) 
and / = 0, then u E C^-ip). 

In Trudinger and Urbas proved that if D is C^'^-smooth, / = 
and 5 E C^'HD), then u E n Cl^liD). 

In [9],_Krylov showed that if L> is Cj^'^-smooth, g E C^'^{dD), /^/^ E 
Ci'i(£») and / > 0, then u E C^'ip). 

In [6], Guan, Trudinger and Wang obtained that if D is C'^'^-smooth, 
g E C3'i(9D), /V(rf-i) e Ci'i(D) and / > 0, then u E C^'^L*), 
which is optimal in the sense of the regularity assumption on /, due 
to an example by Wang in |12j . 



For the degenerate Monge-Ampere equation, we first note that C^'^- 
regularity is the best that we can expect, even if the boundary data g is 
analytic on dD. This can be seen by an example given in [6], by considering 
the unit ball in M? as the domain D and 

u(xi,X2) = [max{(x?-l/2)+,(xi-l/2)+}]'. 

We also note that the assumption that g E C'^'^{dD) is necessary for ob- 
taining the global C^'^-regularity of u. See, for example. Example 1 in [4]. 
While the sufficiency of g E C^'^{dD) to obtain the global C^' ^-regularity 
is established by the aforementioned papers [11 El [6] under various settings. 
Therefore, an interesting problem is investigating the interior C^' ^-regularity 
of the solution to (jReal M-A[) . when g is only assumed to be in the class of 
C^'^{dD), whose necessity is obvious. The sufficiency for the homogeneous 
case is obtained by Trudinger and Urbas in the aforementioned paper [llj . 
Our result generalizes theirs in the sense of considering / > in general, 
rather than / = 0. 

By thinking of the Monge-Ampere equation as a special Bellman equation 
with constant coefficients, we obtain regularity and solvability results on the 
degenerate real Monge-Ampere equation with Dirichlet boundary condition. 
We assume D be a bounded, C'^-smooth and strictly convex domain and / 
be a function from D to [0,oo). Based on Krylov's viewpoint, we introduce 
the probabilistic solution to (jReal M-Ap : 



v(x) = inf E 



- / d^det{il/2)atat)f{x^''')dt 
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with ^ 

x^'^ = X + j agdws, 
Jo 

where wt is a Wiener process and 2t is the set of progressively-measurable 
processes at with values in M'^^'^ satisfying tr(ataj) = 2 for all t > 0. Our 
mam result for (IReal M-Aj) is as follows: 

• If /^/"' G C^'^{D), g G C^'^{dD), and there exists a positive constant 
K such that /^Z'^ + i^lxp is convex in D, then v £ Cl^l{D)nC^''^{D), 
and for a.e. x £ D, we have the second derivative estimate 



o<^(0(o<iv(ieP + ^), VCG 



Meanwhile, v is the unique convex solution to (jReal M-Ap in the 
space of Cl;l{D) n C^^\D). 

The interior C^'^-regularity is optimal under our regularity assumption 
on the boundary data g. The second derivative estimate coincides with the 
fact that the C^'^-norm of v shouldn't blow up along the tangent directions 
on the boundary, and says that the C^'^-norm of v doesn't blow up faster 
than 1/ dist{-, dD)^ in any direction near the boundary. 

The second problem we study is the degenerate complex Monge- Ampere 
equation with Dirichlet boundary condition: 

det(ti^jjfc) = f in D 

u = g on dD, 

where the domain D C is bounded, strictly pseudoconvex and suffi- 
ciently smooth, {u^j2'')dxd is the Hessian matrix of u and the function 
/ = f{z) is nonnegative. We seek a plurisubharmonic function uniquely 



(Complex M-A) 



solving (Complex M-A) and investigate its regularity. 

Compared with its real counterpart, the regularity theory on the degener- 
ate complex Monge- Ampere equation is much less developed. Many regular- 
ity results for the real Monge- Ampere equation can not be extended to the 
complex case, because of various reasons. Important breakthroughs have 
been made by the following works: (D is a bounded and strictly pseudocon- 
vex domain.) 

• In [1], Bedford and Taylor proved that if D is the unit ball, g £ 
C^{dD), /V'i e C^{D) and / > 0, then u £ Cl^^liD) n C{D). They 
also showed that when D is smooth but not necessarily a ball, if 
ji/d ^ cO,i^£)^ and g £ C\D), then u £ C^'^{D). 

• In [2], Caffarelli, Kohn, Nirenberg and Spruck showed that if D is 
of g £ C°^{dD), f £ C^{D) and / > 0, then u £ C^{D). 
Regularity results under various conditions on / = f{z,u,Uz) were 
also established there. 

• In [9], Krylov obtained that if D is C^'^-smooth, g £ C^'^(9L>), 
ji/d g and / > 0, then u £ C^''^{D). This seems to be the 
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only known C^'^-regularity result up to boundary for the degenerate 
case, even when the domain D is the unit ball. 

Our result generalizes Bedford and Taylor's interior C^'^-regularity result 
by allowing the domain D be any bounded, C^-smooth and strictly pseudo- 
convex domain. To be precise, we let D C C"' be a bounded, C'^-smooth and 
strictly pseudoconvex domain and / be a function from D to [0, oo). Define 



the probabilistic solution to ( Complex M- A ) by 



v(z) = inf E 

aG2t 

with 

z"'^ = z + I asdWs, 
Jo 

where Wt is a normalized complex Wiener process and 21 be the set of pro- 
gressively measurable processes at with values in C'^^'^ satisfying tr^ata^) = 



a,x 



1 for all t > 0. Our main result for (Complex M-A) is the following: 

• If E C^'^{D) and g G C^'\dD), then u E n C'^'^D), 

and for a.e. z £ D, we have the second derivative estimate 



^2 



Furthermore, v is the unique plurisubharmonic solution to ( Complex M-A ) 

in the space of Cj^liD) n C^'^{D). 

Again, the interior C^'^-regularity is optimal under our regularity assump- 
tion on the boundary data g. The second derivative estimate says that the 
C^'^-norm of v doesn't blow up faster than 1/ dist(-, dD)^ in any non-tangent 
direction near the boundary. 

In order to keep the present paper in a reasonable length, the generaliza- 
tion to the Hessian equations will be worked out in a separate paper. 

This paper is outlined as follows. In Section 2, we deal with the degenerate 
real Monge-Ampre equation by directly applying our results in |T3]. In 
Section 3, we extend our results in Section 2 to the degenerate complex 
Monge- Ampere equation. 

We end this section by introducing the notation. Throughout the arti- 
cle, the summation convention for repeated indices is assumed. Given any 
sufficiently smooth function u{x) from to M, for y,z £ M.'^, let 

We denote the gradient vector of u by Ux and the Hessian matrix of u by 
Uxx- For any matrix a, its tranpose is denoted by a*. 

The notation of complex analysis will be introduced at the beginning of 
Section 3. 
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2. Interior C^'^ regularity of the degenerate real 
MoNGE- Ampere equation 

In this section, we consider the Dirichlet problem for the degenerate real 
Monge- Ampere equation in a strictly convex domain. 

2.1. Statement of the theorem. Let D he a bomided domain in de- 
scribed by a function ^p which is non-singular on dD, i.e. 

D := {x e M.'^ : V'(x) > 0}, iV'xl > 1 on dD. 

We also assume that -0 is strictly concave in D, i.e. 

(2.1) Va G : tr(a) = 1, tr(aV'^.^.) <OmD, 

where denotes the set of all non-negative symmetric d x d matrices. 

Let wt be a Wiener process of dimension d, and 21 be the set of progressively- 
measurable processes at with values in W^^'^ satisfying ti{atal) = 2, Vt > 0. 
Introduce a family of controlled diffusion processes 

X + I agdws, 'idt G 21. 



Denote r"'^ the first exit time of x^'^ from D. 

Let / and g be bounded measurable functions on D with values in [0, oo) 
and M, respectively. 



Theorem 2.1. Let 

(2.2) v{x) = fi\XY>E 



gix^^%)+£ ^det(af)/(xr)dt 



with 

CM ^ — * 

If f,ge C^^\D), then v G Cf;l{D) n C{D), and for a.e. x£ D, 

(2.3) K)l<^(l^l + ^)' Ve^M^ 

where the constant N = iV(|/|q,i,D, blo,i,Z), IV'Is.D, d)- 

If f £ C^'^{D), g G C^'^{D) and there exists a constant K such that 
f + K\x\^ is convex in D, then v G C^j^ (D) n C^'^{D), and for a.e. x £ D, 

(2.4) - iv(|eP + ^) < < 0, G 

where the constant N = A^(|/|o,i,Di |<7|i,i,D> |V'|3,D, -f^, c^)- Meanwhile, u = 
—V is the unique convex solution in C^^^{D) nC^'^{D) of the Dirichlet prob- 
lem for the degenerate Monge- Ampere equation: 

/2 5\ f det(na;a;) = d-'^f'^ a.e. in D 

\ u = —g on dD, 
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satisfying the second derivative estimate: for a.e. x £ D, 

0<^(O(O<^(l^l' + ^)' veeM'^. 

Remark 2.1. The assumption that f + i<r|xp is convex in D for some 
constant K is weaker than the assumption that f E C'^'^^D). 

Remark 2.2. The first derivative estimate \2. 3|] is not new. It has been 
obtained in [10] . in which an example (see Remark 5.1 in [IO]j was also 
given showing that is sharp. The interior C"^'^ -regularity result and 

the second derivative estimate {2.4^ are new. However, the author doesn't 
know whether the estimate is sharp. 

2.2. Proof of Theorem [SHI We first show that Theorems 2.1, 2.2 and 2.3 
in [13] are apphcable for v{x) given in (j2.2p by verifying Assumptions 2.1 
and 2.2 in |13j and the weak non-degeneracy condition (See Remark 2.1 in 
|13j). Then we show that the associated dynamic programming equation of 
v{x) is equivalent to the Monge- Ampere equation in ()2.5p . 

Proof. We apply Theorems 2.1, 2.2 and 2.3 in [13] with 

A = {ae M^^"^ : tr(aa*) = 2}, 

= a, a° = ]^aa\ = 0, c" = 0, /" = </det(a")/. 

In this situation, 

A = {a" : a G ^} = {a G 5+ : tr(a) = 1}. 
It follows that (|2.ip reads 

suptr(a"V) < 0. 

Due to the compactness of A, by replacing tp with Nip, we may assume 

suptr(a"V) ^ — 1) 

which is exactly Assumption 2.1 in [13] . 

Next, we notice that for any orthogonal matrix O of size d x d, 

tr(Oa"0*) = tr(0*Oa") = tr(a") = 1, 

which implies that 

OAO* c A = 0*{0A0*)0 c OAO*. 

Therefore Assumption 2.1 in [T^ also holds. 

To verify to weakly non-degeneracy condition we consider a°'° = {l/d)Idxd ^ 
A, then by (2.5) and (2.6) in [13] we have 

H = inf sup(a")ijCC^' > inf {a^'^jCC^ = l/d > 0. 
ICI=1ogA ICI=i 

Therefore Theorems 2.1, 2.2 and 2.3 in [13] are true for v{x) defined by (j2.2p . 
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It remains to prove the second inequality in ()2.4p and the equivalence 
between the associated dynamic programming equation 



(2.6) 



sup 



{a'')ijv^^^, + ^det(a°)/ 







and the Monge- Ampere equation in (|2.5p . They are well-known facts, which 
were actually Lemma 2 in Section 3.2 of [8]. For the sake of completeness 
and the convenience of the reader we give the following argument. 
First, we rewrite (12.61) as 



(2.7) 

In particular, in D 



sup 

aGA 



tr(a?;a;a;) + v^det(a)/ 



0. 



(2.8) tr{av^^) + </det(a)/ < 

for each a £ A. For any fixed C G IK"' with |C| = 1 and a = from (j2.8p 
we get 

{v^xCO < -v'det(a)/<0, 

which proves the second inequality in (|2.4p . and means that f is a concave 
function in D. 

Next, take 6 > and set 

a = {61 - Vxx)~^cs, cj^ = tr [{51 - v^^)'^] . 
Then tr(a) = 1 and ([231) yields 

tr [{61 - v^^)-\^^] + [det(5/ - t;,,)] < 0. 

It follows that 

/ <[det(5/ - v^^)]^^''tT [{61 - v,,)-\-v^^)] 
= [det{61 - V,,)] tr(/) - 6tT [{61 - v^^y'] } 
<[det{61- 
Therefore we have 



d-^f < det{6I-v^^). 



By letting 6 \,Q we obtain 



dei{uxx)- 



In fact, here an equality holds instead of the inequality. To prove this 
suppose that at some point xq S D, we have 

d~''f < det(7x,,). 

Then, in particular, det{uxx) > and u^x is non-degenerate at xq. Take a 
matrix oq G A which attains the supremum in (12. 7p at xq. Since 



tr(aofxx) = tr(aona;a;) > Amintr(ao) > 0, 
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where Amin is the smaUest eigenvalue of the strictly positive matrix Uxx , we 
see that 

det(ao) > 0. 

Now by the fact that the geometric mean is not bigger than the arithmetic 
mean, 

/[det(oo)]^^'' = - tr(ao-Uxx) = tr{aoUxx) = tr {^/a^Uxx^/(M)) 

>d[det {y/(H)UxxVao)Y^''' = d[ det(tia;a;)] ^^'^ [ det(ao)] 
It follows that at xq, 

d^'^f > det{uxx), 

which gives the desired contradiction. Hence the equivalence of (|2.6p and 
the Monge- Ampere equation in (|2.5p is proved. 

□ 

3. Interior C^'^ regularity of the degenerate complex 
Monge- Ampere equation 

In this section, we consider the Dirichlet problem for degenerate complex 
Monge- Ampere equation in a strictly pseudoconvex domain. 

3.1. Statement of the theorem. We use the following standard notation: 
C denotes the set of all complex numbers; and 

z = {z\ ■■■ ,z'^) ={x^ + ix'^+\ ■■■ ,x'' + ix'^+\ • • • , x'^ + ix'^+'^) 

={x\--- ,x'^)+i{x'^+\--- =:Rez + ilmz 

is an element of C^. We also use the following notation of partial differential 
operators: 

Moreover, for any ^, G C^, we define 

Since any function u from to M can be viewed as a function from M^*^ to 
M, by abuse of notation we write u{z) = u{x) with x = (Rez,Im2;). As a 
result, we see that 

= 'U(Re5,Im5)(^)' '"{?){'?) (^) = '"{Rc5,ImO(Rc??,Inn7)(2;) 

Let D he a, bounded domain in described by a function ijj which is 
non-singular on dD, i.e. 

D:={zeC'^ : ^(z) > 0}, \iJz\ > 1 on dD. 

We also assume that ip is strictly plurisuperharmonic in D, i.e. 

(3.1) Va G ^+ : tr(a) = 1, tr(a^^5) < in Z), 
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where denotes the set of all non-negative Hermitian d x d matrices. 

Let Wt be a normalized complex Wiener process of dimension d, i.e. a 
d-dimensional stochastic process Wt = {W^, Wf) with values in given 

by 

= (wi'^ + iw{'^) , t > 0, 1 < J < d, 

where the processes {wl'^ , 'wi''^)i<j<d are independent real Wiener processes. 

Let 21 be the set of progressively-measurable processes at with values in 
C^""^ satisfying tr:{ata*t) = 1,V* > 0, and 

A = {ae C^""^ : tr(QQ*) = 1}. 

If we denote aa* by a", then 

A := {a° : a G A} = {a G : tra = 1}. 

Introduce a family of controlled complex diffusion processes 

^^"'^ = z+ [ asdWs, yat G 2t. 
Jo 

Denote r"'^ the first exit time of z"'^ from D. 

Let / and g be bounded measurable functions on D with values in [0, oo) 
and M respectively. 



Theorem 3.1. Let 

(3.2) v{z) = supE" g[z^a,z) + 

with 



^detiaf)fizr)dt 



= ata^ . 

If f,ge C^'\D), then V G Cf;l{D) n C{D), and for a.e. x G D, 

(3.3) K0l<^(lel + ^)' Ve^C^ 

where the constant iV = iV(|/|o,i,D, |5|o,i,D, |^|3,D, d)- 

Iff,g G C^'H-D), i/ien t> G C/j^^I?) n C^'^iD), and for a.e. xe D, 

(3.4) - iv(|ep + < ^im) < 0, G c^, 

where the constant N = iV(|/|i,i,D5 \ip\3,D,d). Meanwhile, u = —v is 

the unique plurisubharmonic solution in C^^{D) n C^'^{D) of the Dirichlet 
problem for the degenerate complex Monge- Ampere equation: 

det(ti22) = d~^f^ a.e. in D 
u = —g on dD, 

satisfying the second derivative estimate: for a.e. x G D, 



(3.5) 



0<n(^)(O<iv(leP + ^). 



ve G c 
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Remark 3.1. When studying the C^'^ -regularity ofv, the regularity assump- 
tion on f we need is actually weaker than C^'^{D). Similarly to the real 
case, we only need that the generalized second derivatives of f are bounded 
from below. Therefore, the assumption that f G C^'^{D) can be replace with 
the assumptions that f E C^'^{D) and f + is convex for some con- 

stant K , where we treat f = f{x) as a function of 2d real variables with 
X = (Rez, Imz) G M^"^. When f is sufficiently smooth, the condition that 
/ + -fC|xp is convex is equivalent to 

Re [f^jA^Wi^) + fzJ-A^)et > -m^ ve g c^. 

3.2. Proof of Theorem 13.11 We prove Theorem 13.11 by making use of 
Theorems 2.1, 2.2 and 2.3 m [T3] . 

Proof We first define the following homomorphisms: 



and 



Re z 
Imz 



^rlyrl Tn,9r/y9f7 / Re O Im Q! 



Im a Re a . 

To rewrite the value function in ()3.2p as a function on ]R2dx2d^ notice 
that 



/■* 1 
Jo v2 



where wt is a Wiener process of dimension 2d. 

For any Hermitian matrix a, there is a unitary matrix U such that UaU* 
is a real diagonal matrix M. We have, 

det(a) = det{U*MU) = det(M). 

If ?7 is a unitary matrix, then is an orthogonal matrix. Moreover 

det(^'a) =det [^{U*MU)] = det [$([7*)$M$[/)] 



:det [{^Uy^M^U)] = det($M) = [det(M)]^ 



Therefore 

d 



det(af)= det <!> {ata*t) = det{^at<^a*t) = det [{<^ at) at) 
If we use the notation: 

/3 = ^a, ^ = m = {<i>a:ae 2t}, 
then we can rewrite (13.21) as 



(3.6) v{x) — sup 

where 



g{xr) + f '^detiMt) f{xt)dt 



x^'"" = X + / -^(3sdws. 
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By noticing that 

tr [{^a)i>xx] = 4tr(aV'2f), 

Assumption 2.1 in [13] is satisfied by replacing ip with Nip for sufficiently 
constant A^. However, if we have a try on applying Theorems 2.1-2.3 in |13j 
directly, we should fail at Assupmtion 2.2 in [13]. Because Assupmtion 2.2 
in [13] doesn't hold for 

B = $A = {$(a°) : a" G A}. 

More precisely, since 

8=1^"^ : 5 € 'S^,T is skew symmetric, tr(S') = l|. 



the relation 



OMO* = B 



doesn't hold for all orthogonal matrix O of size 2c? x 2d. 
Fortunately, for any unitary matrix of size d x d, we have 

UAU* = A. 

which can play a role of Assumption 2.2 in [13]. Indeed, we observe that 

B = $A = $(f/Af7*) = ^U^A^{U*) = ($C/)B($C/)*. 

Moreover, we note that if Q G (£^dxd jg ske-\v Hermitian, then is unitary, 
and therefore e**^ = <I>(e*^) satisfies 

(e*'3)B(e*^)* =B 

Therefore, in order to apply Theorems 2.1-2.3 in jl3j . it suffice to find a 
suitable matrix function P = P(x,^) from D x R"^^ to M2(ix2d^ ^^^^ ^.j^^^ p 
can be expressed as ^Q, where Q is skew Hermitian, and satisfies 
all properties it has in the proof of Lemma 7.1 in |13j . 

To construct P let us start from looking at the equation (7.1) in [13], 
the most crucial property it satisfies in the proof of Lemma 7.1 in [13]. We 
define 

and 



V mr 

which are analogous to p and P in Lemma 7.1 in |13j . 
We claim that 



l<j,k<d 



(3.7) 



('(A,-)(g) + i?^s + xV'.- = o. 
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Indeed, we have 



~\Wzi)(X) H XTZ ^5*^- XTZ ^s-' 



= (V'2j)(0 



1 



0. 



Next, we notice that x is not real in general, so we decompose it as x = /o+i>^, 
where p and x are real valued. If we denote K + ikI as Q, the equation 
p.7p can be rewritten as 

(3.8) (V's)(0 + W5 + pV'5 = 0. 

We emphasis that p is real and Q is skew Hermitian. From (j3.8p and the 
fact that '(/'a; = 2<l>('(/'f), we obtain 



=( aa*((-0f)(^) + Q-fAf + /O-0f), + + pV'i 

=^(/3/3*((Vx)(5) + ($<9)^x + /oVx), + (^<3)^x + p-^x 

Therefore if we let P = 

+ + V'(P/3'=) = 0. 

It is also not hard to see that P and p we define here satisfy all the other 
property in Lemma 7.1 in [TB]. As a result, we can apply Theorem 2.1-2.3 in 
[15] to obtain all regularity results of v defined by (|3.2p stated in Theorem 



EH 

It remains to verify that the associated dynamic programing equation is 
equivalent to the complex Monge- Ampere equation in ()3.5p . To write down 
the real Bellman equation we note that its diffusion term is (l/-v/2)/3. Hence 
the associated dynamic programing equation is the real Bellman equation 



sup 



(l/4)tr(/3/3*t;,,)+ Vdet(/3/3*)/ 



0, 



(3.9) 

which is equivalent to 

(3.10) sup I tr {{^a)v^^)\ + 4 ^</dit(l^/| = 0. 

To write down the corresponding complex Bellman equation, it suffices to 
notice that 

tr [($a)z;a;x] = MTiav-^z)- 
Therefore the complex Bellman equation is 



(3.11) 



sup 



tr(a7;,,-) + </det(a)/ 



0, 
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which has the same form of p.6p . Therefore, the equivalence between p.lip 
and the complex Monge- Ampere equation in (13. Sp can be verified by repeat- 
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